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tives in optics e.g. for scalable multi-channel photonic devices, 15, 17 and the study of strongly-correlated many-body dynamics directly using light 18 .
In vacuum, photon-photon interactions are so weak that they are only discernible at cosmological scales 19 . This is a remarkable asset for astronomy, imaging, and communications, but a serious obstacle for all-optical processing. In linear quantum optics, one can engineer an effective interaction via measurement 1 which enables entanglement swapping between remote photons 2 , however, this relies on probabilistic post-selective measurements. Inside a medium, interactions between light fields are possible, if the light-matter coupling is nonlinear. For sufficiently strong non-linearities, as in cQED 3 or Rydberg quantum optics 5 , one enters a quantum non-linear regime 20 , allowing deterministic effective interactions at the single photon level 4, [7] [8] [9] [10] . This has paved the way towards proto-typical single-photon transistors 21, 22 , phase-shifters 23 , and photon gates 24 .
A unique feature of Rydberg-mediated quantum non-linear optics 5 is that the interaction is long range 12, 13 , and can be mediated through free space by virtual microwave photons. This adds new geometric degrees of freedom to the non-linear optics tool-box which could facilitate scalable photonic networks, quantum simulation with photons, and circumvent 'no-go' theorems that limit the scope for all-optical quantum information processing (QIP) [15] [16] [17] 25 . To directly demonstrate the long-range character of Rydberg mediated non-2 linear optics, we realise two strongly-interacting photonic channels in independent optical media separated by an adjustable distance d of more than 10 µm. While stored as collective Rydberg excitations, van der Waals (vdW) interactions imprint non-uniform phase shifts 14, 15 that lead to reduced retrieval in the photons' initial modes (figure 1). By counting photons in the unperturbed modes, the reduction is manifest as a spatial anti-correlation in the observed photon statistics. The media can be viewed as two 'black-boxes' which make photons interact at a distance suppressing simultaneous retrieval in both channels.
Consider two weak optical pulses focussed into independent atomic media, labelled A and B, and stored as strongly-interacting collective Rydberg excitations or polaritons 7,9 using electromagnetically induced transparency (EIT, see figure 2a) 26 . During storage, a photon in channel A(B) is coherently converted into the collective atomic excitation
where N A(B) is the atom number in the channel, k A(B) the wave vector of the EIT light fields, r j the position of atom j, and |R j A(B) the collective state where atom j is in Rydberg state |r with all others in ground state |g . If the individual phases k A(B) r j(k) in the collective excitation remain unchanged during storage, the phase and spatial mode of the photon are preserved. However, when photons are stored in both channels for a storage time t st , the two-channel collective state |R AB = |R A ⊗ |R B evolves according tô
Here, V jk = n 11 C 6 /r 6 jk is the vdW potential, n the principal quantum number of |r , C 6 the reduced vdW coefficient, and r jk = | r j − r k |. The spatially dependent interaction-induced phase V jk t st accumulated between atom j in |R A and k in |R B leads to photon retrieval in different modes than before storage.
In the experiment, see figure 2, we prepare two ensembles of 87 Rb atoms in side-by-side optical tweezers separated by a distance d = 10 − 15 µm. We focus separate signal pulses, duration 350 ns and mean photon number ≈ 2.2, into each ensemble with 1/e 2 radii of ≈ 1 µm. The signal photons are resonant with the |g = |5S 1/2 , F = 2, m F = 2 → |e = Subsequently, we retrieve the signal photons by restoring the control field to its original intensity after a time t st ≈ 170 ns. The photons retrieved in each channel are detected independently by pairs of single-photon detectors (SPADs) arranged in Hanbury-Brown Twiss (HBT) setups. We verify that there is no cross-talk between channels in the storageretrieval cycle by observing that no photon is retrieved in channel A if only the medium of channel B is present, and vice versa (figure 2b).
We analyse the counting statistics of photons for each channel using the correlation
where N A is the number of photons retrieved in channel A, similarly for g
B . For principal quantum number n = 80, interaction-induced dephasing 7,9,14 and Rydberg blockade 27 limit the number of photons stored to close to one per channel as indicated by strong antibunching in the single-channel correlation functions, g
A = 0.17 ± 0.03 and g In order to observe a cross-channel interaction, we store photons simultaneously in adjacent channels and analyse the cross-channel correlation function
For uncorrelated retrieval one expects g To verify that the observed interactions arise from the vdW potential V jk , we vary the interaction strength by changing the principal quantum number n. The data for fixed distance d = 10 µm and n between 50 and 80 (figure 3a) shows that the interaction between 4 channels increases with n, as expected. Interactions within each channel (inset, figure 3b) also limit the number of photons stored and retrieved. For n < 65, we observe no correlations between channels, but intra-channel interactions are still present.
To demonstrate the scaling of the Rydberg mediated interaction with distance, we mea-
AB as a function of the channel separation d, for a Rydberg state with n = 80 (figure 4a). As d is decreased, one alters the distribution of pair spacings, r jk (r jk > ∼ d for j, k in adjacent channels) to smaller values leading to stronger interactions. Consequently we observe a change from no correlation, g This requires near diffraction limited optical resolution. We achieve this using a pair of aspheric lenses (numerical aperture ≈ 0.5, focal length ≈ 10 mm) placed inside the ultra-high vacuum chamber in which experiments take place. As Rydberg atoms are highly sensitive to electric fields, conductive transparent indium-tin-oxide coatings have been applied to the dielectric lens surfaces facing the atoms to avoid charge build-up in their vicinity. A detailed description of the experimental setup can be found elsewhere 32 .
The experimental procedure is as follows. Initially we trap atoms in a magneto-optical trap (MOT) which is loaded from a cold bright atomic beam created by a 2D MOT in 100 ms.
Subsequently, we increase their density and decrease their temperature by first compressing the MOT via an increase in the magnetic field gradient and then subjecting them to a grey optical molasses phase. The red-detuned dipole trap beams at a wavelength of 910 nm are AB approaches 1 (see figure 4a ). Photon storage. Following the preparation of the atom clouds, we optically pump the atoms to the state |g = |5S 1/2 , F = 2, m F = 2 . Subsequently, the trapping light is turned off for 1.5 µs, every 4.55 µs during which we carry out one storage and retrieval sequence as shown in figure 2b . Since heating of the ensemble and atom loss are low due to the weak signal pulse, we can repeat this sequence 25, 000 times before reloading the traps. This corresponds to an effective cycle rate of 33.5 kHz, mostly determined by the time needed to prepare the atomic ensembles, i.e. loading of the MOT and evaporation. In total, we repeat To evaluate the correlation functions given in the main text, we analyse the photon statistics in software post-processing based on the recorded timestamps of detection events.
Due to the finite dead-time of the SPADs, we limit our analysis of photon numbers to as many detection events as detectors, i.e. two per channel, within the retrieval window. We account for imbalances in the 50:50 HBT splitting ratio resulting from imperfect beam-splitters and imbalanced detection efficiencies.
Formal description of the interaction-induced phase shift mechanism and simulations of retrieved photon statistics. In the following, we describe the mechanism that gives rise to the phase-shift in detail and simulate the effect on the retrieved photon statistics. We build upon work by Bariani et al. 14 who describe interaction-induced dephasing between collective Rydberg excitations within a single atomic ensemble. We expand their work to include multiple, arbitrarily shaped signal modes and atomic media to simulate the two-channel geometry of our experiment. We consider the following two scenarios: a single channel containing no more than two excitations in the same medium; and a pair of spatially separated channels containing no more than a single excitation per channel. The truncation to two excitations is justified since in comparison, triple excitations are highly unlikely due to the low number of photons which is retrieved per storage cycle (on the order of a few 0.01). Despite its simplicity, this approach allows for full exploration of the mechanism and successfully reproduces experimental data.
Initially, we consider storage in the same channel (here labelled A). Starting from the atomic ensemble's collective ground state |G A , storage of ν photons results in the collectively excited state |R
describes the creation of an (additional) collective excitation. Here, |g j,A and |r j,A cor-8 respond to the ground and Rydberg states of atom j, A ( r j ) and ϕ A ( r j ) are respectively the electric field amplitude of the signal mode and the combined phase of both EIT fields at the position r j of atom j. We preserve approximately correct normalisation in the limit ν N A . We consider the atomic ensemble of a single channel to be in a superposition
A following storage where the coefficients c ν describe the distribution between excitation numbers neglecting more than two excitations as explained above.
In the presence of van-der-Waals interactions described by V jk = n 11 C 6 /r 6 jk , the individual Rydberg excitation pairs contributing to |R (2)
A evolve during t st according tô
where |R j,k A corresponds to the collective state where atoms j and k are excited. Since the phase shifts V jk t st acquired between pairs vary with position, the collective state dephases as a consequence of the interactions thus reducing the probability to retrieve both photons in the original signal mode fromÛ A (t st )|R
A . The overlap
between |G A and the collective state of the ensemble after retrieval of two photons in the signal mode from the time-evolved doubly excited state quantifies the dephasing, and allows us to compare the experimentally measured correlation function g
A to theory via
Building on the single channel case, we quantify interactions between photons stored as collective Rydberg excitations in two adjacent, non-overlapping channels. For two channels A and B, the initial state with exactly ν (µ) Rydberg excitations in channels A(B) after photon storage, can be written as product |R (ν,µ)
B of the individual single channel states. Hence, the collective state of both channels immediately after storage is |R AB = ν,µ∈{0,1} c ν,µ |R (ν,µ) AB where c ν,µ again arise from the photon number distributions 9 of the original signal pulses. Evolving over t st , the individual excitation pairs in |R (1,1) AB again acquire non-uniform interaction-induced phases aŝ
To estimate the effect of the imprinted phase shifts on the retrieved photon statistics, we now consider the overlap
where |G AB = |G A ⊗ |G B and obtain
To compare experimental results to theory, we calculate both cross-and single channel correlation functions as above based on the experimental parameters described at the be- 
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